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2.3.1Linear Models

Linear Models

What are the parameters of alinear model?

= Alinear modelis of the form f(X)=mX+ c
= The mrepresents the rate of change of the function
= Thisisthe amount the functionincreases/decreases whenxincreases by 1
= |fthefunctionisincreasing mis positive
= |fthefunctionis decreasing mis negative
= Whenthe modelisrepresented as a graph thisis the gradient of the line
= The crepresentsthe value of the functionwhenx=0
= Thisis the value of the function when the independent variable is not present
= Thisisusually referred to as theinitial value
= Whenthe modelisrepresented as a graph thisis the y-intercept of the line

What can be modelled as alinear model?

= |f the graph of the dataresembles a straight line
= Anything with a constantrate of change
= C(d)isthetaxicharge forajourney of d km
= B(m)is the monthly mobile phone billwhen m minutes have been used
= R(d)istherental fee foracarused forddays
= d(t)isthe distance travelled by a car moving at a constant speed fort seconds

What are possible limitations of a linear model?

= |Linearmodels continuously increase (or decrease) at the same rate
= |nreal-life this might not be the case
= The function might reach a maximum (or minimum)

= |fthevalue of mis negative then for some inputs the function will predict negative values
= |nsome real-life situations negative values willnot make sense

= Toovercome this you can decide on an appropriate domain so that the outputs are never negative

O ExaminerTip

= Make sure that you are equally confident in working with linear models both algebraically and

graphically asit may be easier using one method over the other when tackling a particular exam

question
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@ Worked example

The total cost, C,inNew Zealand dollars (NZD), of a premium gym membership at FitFirst can be
modelled by the function

C=1495t+30, t>0

where tisthe timeinweeks.

a) Calculate the cost of the gym membership for 20 weeks.

Substdute.  £= 20
((20) = 14.95(20) + 30 ¥

20

329 NID

b) Find the number of weeks it takes for the total cost to exceed 1500 NZD.

Jubstitte  ( = 1500

14,7, T S——
1500 = I&:95t +3D 3
1%95E = 1470
|
be 2P0 - qp321.
449 |
/ Round up fo the next integer
19N weeks |
c) Under new management, FitFirst changes the initial payment to 20 NZD and the weekly cost to

19.25 NZD. Write the new cost function after these changes have been.
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((t) :mt +c¢ ,

Your notes
m is the constant rate per week m =19.25

C is the initial cost ¢= 20

C(e)=19.25¢ + 20
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2.3.2 Quadratic & Cubic Models

Quadratic Models

What are the parameters of a quadratic model?

= Aquadratic modelis of the form f(X) =ax’+bx+c
= The crepresentsthe value of the functionwhenx=0
= Thisis the value of the function when the independent variable is not present
= Thisisusually referred to as the initial value
= Theahasthe biggestimpact onthe rate of change of the function
= |fahasalarge absolute value then the rate of change varies rapidly
= |fahasasmall absolute value then the rate of change varies slowly

b

= The maximum (or minimum) of the functionoccurswhen X = — ——

2a

= Thisis givenin the formula booklet as the axis of symmetry
What can be modelled as a quadratic model?

= |fthe graph of the dataresemblesa UornN shape
= These canbe usedif the graph has a single maximum or minimum
= H(t)is the vertical height of a football t seconds after being kicked
= A(x)is the area of rectangle of length xcm that can be made with a 20 cm length of string

What are possible limitations of a quadratic model?

= A quadratic has either a maximum or a minimum but not both
= Thismeans one endis unbounded
= |nreal-life this might not be the case
= The function might have both a maximum and a minimum

= To overcome this you can decide on an appropriate domain so that the outputs are withinarange

= Quadratic graphs are symmetrical
= Thismightnot be the caseinreal-life

O Examiner Tip

= Readandre-read the question carefully, try to getinvolved in the context of the question!

= |magine what happens to a stone as you throw it from a cliff, what would the path look like?
= What wouldit be like to manage a toy factory, would you expect profit to rise or fall as you

increase the price of the toy?
= Sketcha graph of the function being used as the model, use your GDC to help you

= |f youare completely stuck try “doing something” with the quadratic function - sketchit, factorise

it, solve it
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@ Worked example /

Your notes
Acompany sells unicorn toys. The profit, £ P, made by selling one unicorn toy can be modelled by the

function

1
P(x)= E(—X2+20X—50)

where X is the selling price of the toy.

Find the selling price which maximises profit. State the maximum profit.

Sketch on GDC gnd find the maximum point

(10,5)

-$

delling price kIO
Maximum prmci* £5
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Cubic Models /

What are the parameters of a cubic model? Your notes

= Acubic modelis of the form f(X) =ax3+bx?+cx+d
= The drepresents the value of the functionwhenx=0
= Thisis the value of the function when the independent variable is not present
= Thisisusually referred to as the initial value
= Theahasthe biggestimpact onthe rate of change of the function
= |f ahasalarge absolute value then the rate of change varies rapidly
= |fahasasmall absolute value then the rate of change varies slowly

What can be modelled as a cubic model?

= |fthe graph of the data has exactly one maximum and one minimum within an interval

= |f the graphis monotonic with no maximum or minimum
= D(t)isthe vertical distance below starting point of a bungee jumper t seconds after jumping
* V(x)is the volume of a cuboid of length x cm that can be made with a 200 cm? of cardboard

What are possible limitations of a cubic model?

= Cubic graphs have no global maximum or minimum
= This means the functionis unbounded
= |nreal-life this might not be the case
= The function might have a maximum or minimum
= Toovercome thisyou can decide on an appropriate domain so that the outputs are withinarange

© Examiner Tip

= Readandre-read the question carefully, try to getinvolved in the context of the question!
= Always sketch the graph using your GDC to help
= Pay particular attention to the domain of the question
= |fthe domainis given, make sure that you focus only on that section when you sketch the
graph
= |f the domainis not given, think about whether or not it needs to be restricted based on the
context of the question, e.g. can time be negative?

Page7of24

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

@ Worked example

The vertical height of a child above the ground, I metres, as they go down a water slide can be
modelled by the function

4
h(t)= 7(35 - 12t+62-8),

where £ is the time in seconds after the child enters the slide.

a) State the vertical height of the slide.

dketch on GDC

—
L
-

i

\
10 \ He‘nal'ﬁ' of slide is the
initial heaﬂh’f of the child

20 m

b) Given that the child reaches the ground at the bottom of the slide, find the domain of the
function.

Sketch on GDC

20 // Sl (h: ld rea ches ’rJ\e CJro unc‘
/ so function stops here
¥
=
Q<«ts<S
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2.3.3 Exponential Models 4

Your notes

Exponential Models
What are the parameters of an exponential model?

= Anexponential modelis of the form
« flx)=ka*+cor f(x)=ka *+ cfor a>0
« fx)=kex+c
= Where eis the mathematical constant 2.718...
= The crepresents the boundary for the function
= |tcanneverbe thisvalue

= Theaorrdescribestherate of growth or decay
= The biggerthe value of a or the absolute value of rthe faster the functionincreases/decreases

What can be modelled as an exponential model?

= Exponential growth or decay
= Exponentialgrowthis represented by

s 4¥wherea>1
s 3 Xwhere(<ax<l

= e wherer>0
= Exponentialdecay is represented by

s a¥where(0<ax<l1
» 3 Xwherea>1

= X wherer<0
= Theycanbe usedwhen there a constant percentage increase or decrease
= Suchasfunctions generated by geometric sequences
= Examplesinclude:
= V/(t)isthevalue of caraftertyears
= S(t)isthe amountinasavings account aftertyears
= B(t)is the amount of bacteria on a surface aftert seconds
= T(t)is the temperature of akettle t minutes after being boiled

What are possible limitations of an exponential model?

= Anexponential growth model does not have a maximum

= |nreal-life this might not be the case

= The function might reach a maximum and stay at this value
= Exponentialmodels are monotonic

= |nreal-life thismight not be the case

= The function might fluctuate

How can | find the half-life using an exponential model?
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You may need to find the half-life of a substance ,

= Thisisthe time taken forthe mass of a substance to halve

Given an exponential model f(t) =ka tor f(t) = ke~ the half-life is the value of t such that: Yournotes

. )=

= You cansolve fortusingyour GDC

For l‘(t) = ka~ !the half-lifeis givenby t = IE
Ina
k I
] E = Ka
« al=2
« tlna=1In2
= For f(t) = ke~ the half-lifeis given by t = 1%
Y =ke
» eff=2
« 1t=1n2

O Examiner Tip

= | ook out forthe word "initial" or similar, as a way of asking you to make the power equal to zero to
simplify the equation
= Questionsregarding the boundary of the exponential model are also frequently asked
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@ Worked example A/

Your notes
The value of acar, V' (NZD), can be modelled by the function

V(t)=25125% 0.8+ 8500, t>0

where [ is the age of the carin years.

a) State theinitial value of the car.

| nitial value is  when =0

V(0) = 25125 x0%° + 8500  “**°

33625 NzD 4=8500

b) Find the age of the carwhenits value is 177500 NZD.

Set V() :=13500 and solve

on GDC 3325

25125 x0%* +3500 = 17500 e — 478500
t= 46007

460 years

Pagellof 24

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers



https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

2.3.4 Direct & Inverse Variation /

Your notes
Direct Variation
What is direct variation?
= Twovariables are said to vary directly if their ratio is constant (k)
= Thisisalso called direct proportion
= If yand X1 (for positive integer n) vary directly then:
= ltisdenotedas y & Xx”

= y= kx™ forsome constant k

» Thiscanbewrittenas —— =k
xn

= The graphs of these models always start at the origin
How do | solve direct variation problems?

= |dentify which two variables vary directly
= Itmightnotbe Xand y
= Itcouldbe X3 andy

= Usethe giveninformation to find their constant ratio k
= Also called constant of proportionality

= Substitute the givenvalues of X and Y into yourformula
= Solvetofindk
= \Write the equation which models their relationship

« y=kx"

= Youcanthenuse the equation to solve problems
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@ Worked example

Acomputer program sorts alist of numbersinto ascending order. The time it takes, f milliseconds,

varies directly with the square of the number of items, 11, in the list. The computer program takes 48
milliseconds to order alist with 8 items.

a) Find an equation connecting fand 1.
ldenﬁ(:% the variables that vary dired'lg
t o« n

Form an eq’uaﬁon

£+ ko'
7 4 -

Use t= 48 and n=8 4o g.
Find the volue of k
L8 - k(8)*
bk k= 48

s B8 .
k= 4 =035

t=0.15n*

b) Find the time it takes to order alist of 50 numbers.

Subdtitule =50 into the eoLuaJrion
t= 0.35(50)
1335 milliseconds

Page 13 of 24

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

4

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

Inverse Variation
Whatis inverse variation?

= Two variables are said to vary inversely if their product is constant (k)
= Thisisalso calledinverse proportion

= If yand X1 (for positive integer n) vary inversely then:

1
= |tisdenoted yoc;
k
= Y= —— forsome constantk
XH

= Thiscanbe written X1y = k
= The graphs of these models all have a vertical asymptote at the y-axis

= Thismeansthatas X gets closerto O the absolute value of ¥ gets further away from O

= X canneverequal O
How do I solve inverse variation problems?

= |dentify which two variables vary inversely
= |tmightnotbe X and y
» Itcouldbe X3 andy

= Use the giveninformation to find their constant product k
= Also called constant of proportionality

= Substitute the givenvalues of X and ¥ into your formula
= Solvetofindk
= \Write the equation which models theirrelationship

k

Iy=;

= Youcanthenuse the equation to solve problems

O Examiner Tip

= Reciprocal graphs generally have two parts/curves
= Only one - usually the positive - may be relevant to the model
= Think about why x/t/0 can only take positive values - refer to the context of the question
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@ Worked example A/

Your notes
The time, [ hours, it takes to complete a project varies inversely to the number of people working oniit,

n.If 4 people work on the project it takes 70 hours to complete.

a) Write an equation connecting fand 1.

]den’rifa the variables that vary directly

t « n
Form an equation
be K
n
Use t=10 and n=t P d

Fing the value of k

k="L4x70 = 280
- 130
n
b) Giventhat the project needs to be completed within 18 hours, find the minimum number of

people needed towork onit.

Substtude E:1% into the ecLuaﬁon
g 280
n

2%0 .
% I5.55...

b people
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2.3.5 Sinusoidal Models /

Your notes
Sinusoidal Models
What are the parameters of a sinusoidal model?

= Asinusoidal modelis of the form

« f(x)=asin(b(x—¢))+d

« f{x)=acos(b(x—c))+d
= The arepresents the amplitude of the function

= The biggerthe value of a the bigger the range of values of the function
= The b determines the period of the function

= The biggerthe value of b the quicker the functionrepeats a cycle

360° 2m

b (indegrees) or —— (inradians)

b
= The crepresents the phase shift
= Thisis a horizontal translation by c units
= The drepresents the principal axis
= Thisistheline that the function fluctuates around

= The periodis

What can be modelled as a sinusoidal model?

= Anything that oscillates (fluctuates periodically)
= Examplesinclude:
= D(t)isthe depth of water at a shore t hours after midnight
= T(d)is the temperature of a city d days afterthe 1st January
= H(t)is vertical height above ground of a persont second after entering a Ferris wheel

What are possible limitations of a sinusoidal model?

= The amplitudeis the same foreach cycle

= Inreal-life this might not be the case

= Thefunction might get closerto the principal axis over time
= Theperiodisthe same foreachcycle

= |nreal-life this might not be the case

= Thetimetocomplete acycle might change overtime
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O Examiner Tip /

Your notes
= Readandre-read the question carefully, try to getinvolved in the context of the question!

= Sketcha graph of the function being used as the model, use your GDC to help you and focus on
the given domain

= Remember, foramodel of the form y = aSin(b(X — C)) + d horizontal stretches happen
before horizontal translations
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@ Worked example

The water depth, DD, inmetres, at a port can be modelled by the function
. T
D(t) = 3sm(E(t— 2)) +12, 0<t<24

where t is the elapsed time, in hours, since midnight.

a) Write down the depth of the water at midnight.

Sub.sh‘rufe t<0 for miclmah’r
D(0)=3sin(i(E-2) + 12
|05 m 105

b) Find the minimum water depth and the number of hours after midnight that this depth occurs.

Use GDC to find the minmum

Minimum . Cl m

20 hours after midn\ahf s

(20,9)

c) Calculate how long the water depthis atleast 13.5 metres each day.
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4

Use GDC to find D(t) =135 e
3gin(Rl-2)r12 = RS

E=b and t=12 105
Find the difference between
the  times

2-4:8

D hours
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2.3.6 Strategy for Modelling Functions

Modelling with Functions
What is a mathematical model?

= A mathematical model simplifies areal-world situation so it can be described using mathematics
= The modelcanthenbe used to make predictions
= Beaware that extrapolating (making predictions outside of the range of the data) is not
considered to be accurate
=  Assumptions about the situation are made in order to simplify the mathematics
= Models canberefined (improved)if furtherinformationis available orif the modelis compared toreal-
world data

How do I set up the model?

= The question could:
= give you the equation of the model
= tellyouabout the relationship
= |tmight say therelationshipis linear, quadratic, etc
= askyou tosuggest a suitable model
= Useyourknowledge of each model
= E.g.ifitiscompoundinterest then an exponential modelis the most appropriate
= You may have to determine areasonable domain
= Considerreal-life context

» E.g.ifdealingwithhoursinadaythen() <t <24

= E.g.ifdealing with physical quantities (such as length) then X >0
= Considerthe possible ranges
= |fthe outcome cannot be negative then you want to choose a domain which corresponds to a
range with no negative values
= Sketching the graphis helpful to determine a suitable domain

Which models do | need to know?

= Linear

= Pjecewise (linear & non-linear)
= Quadratic

= Cubic

= Exponential

= Naturallogarithmic

= Logistic

= Directvariation

= |nverse variation

= Sinusoidal
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O Examiner Tip /

Your notes
= Youneedto be familiar with the format of the different types of equations and the general shape

of the graphs they produce, you need to always be thinking "does my answer seem appropriate
forthe given situation?"
= Sketching graphsis key
= Make sure that you use your GDC to plot the relevant function(s)
= Sometimes youmay have to play around with the zoom function or the axes to make sure that
you are focused on the relevant domain
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@ Worked example

Acliffhasa heighth metres above the ground. A stone is projected from the edge of the cliff and it
travels through the air until it hits the ground and stops. The vertical height, in metres, of the stone
above the ground f seconds after being thrown is given by the function:

h(t)=95+6t—5£2,

a) State the initial value of A.

lnitial value is the henahf of the liff
h(0)=45 +BLO)—S[D)7'

95 m

45

o) Determine the domain of ]I(t).

Jtone 3‘rop5 at %mund when h(t)=0

95 +bt -0t*= 0
t: 5 or = - 35 45
t
Reaed' as hme (on't 5
l)a nasc\hve

Dst<h
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Finding Parameters
What do |l do if some of the parameters are unknown?

= Forsome models you canuse your knowledge to find unknown parameters directly from the
information given

= Foralinear model f(X) =mx+c¢
= Mistherate of change, or gradient
= Cistheinitial value
= Foraquadratic model, f(X) =ax’+bx+c
-b

= X = —— istheaxis of symmetry (thisis givenin the formula booklet) and is the X -value of the

2a
minimum/ maximum point
= Cistheinitial value
= Foracubic model, f(X) =ax3+bx?+cx+d
= distheinitial value
= Foran exponential model, f(X) =ka*X+c
» k+ cistheinitialvalue
= Y= Cisthe horizontal asymptote, so Cis aboundary of the model
= Forasinusoidal model f(X) = asin(bx) +d
= Jistheamplitude
n V= d is the principal axis
360

] is the period

b

= Ageneral methodisto form equations by substituting in given values
= You can form multiple equations and solve them simultaneously using your GDC
= You couldbe expected to solve a system of up to three simultaneous equations of three
unknowns
= This method works forallmodels

= Theinitial value is the value of the function when X (or the independent variable) is O
= Thisis often one of the parametersin the equation of the model

O Examiner Tip

= |tcansaveyoutimeinexamsto know the properties of functions listed above that allow you to
find parameters directly from the information given
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@ Worked example

The temperature, T °C, of a cup of coffee is monitored. Initially the temperature is 80°C and 5 minutes
lateritis 40°C. Itis suggested that the temperature follows the model:

T(t)=ka=t+16, t>0
where tis the time, in minutes, after the coffee has been made.

a) State the value of k..

Iﬂifia“g femperature is 30°C

T0)+ 0 )
ka™ + 16 = %0 x
k +1b = 30 ¢

k= bl

b) Find the value of 4.

Afer O minutes the temperature is k0°C
T(5)= 4D

bka™> +1b = &0 %
SDI\.’C us’ms GDC Y
a= 12632 ol 5
a: 122 (3sF)
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